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Abstract 

The spectrum of operators in the su( 2) sector of J\f = 4 SYM is bounded 
because the number of operators is finite. According to the AdS/CFT corre¬ 
spondence, the string spectrum in this sector should be also bounded. In this 
paper the upper bound on the scaling dimension is calculated in the limit of 
the large R-charge using Bethe ansatz. 
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The AdS/CFT correspondence [TJ predicts that the spectrum of local 
gauge-invariant operators in J\f = 4 SYM theory and the string spectrum in 
AdS 5 x S 5 are identical Hi- One puzzling moment in this identification 
is that the set of operators superficially looks more discrete than the set of 
string states. This point is best illustrated by considering a particular set of 
operators 

O = tr (Z Jl W j2 + permutations), (1) 

where Z and W are two complex scalar fields from J\f = 4 supermultiplet. 
This set of operators is closed under renormalization |3|, but mixing of the 
operators among themselves is non-trivial and is best described by mapping 
to a quantum spin chain of length L = J\ + J 2 |5j- Each occurrence of Z 
in an operator represents spin up and an occurrence of W represents spin 
down. Cyclically symmetric distributions of spins on a one-dimensional lat¬ 
tice of length L are then in the one-to-one correspondence with all possible 
orderings of the fields Z and W under the trace. The planar dilatation oper¬ 
ator, whose eigenvalues are large-scaling dimensions of operators m , can 
be identified with the spin-chain Hamiltonian BED E|- The ferromagnetic 
ground state of the spin chain corresponds to the chiral primary operator 
tr Z L with zero anomalous dimension. The excited states (magnons), de¬ 
scribed by a collection of spin flips Z — > W that propagate along the lattice 
with momentum p = 2ixn/L, correspond to operators with parametrically 
small anomalous dimensions (BMN operators [9]). The contribution of a 
single magnon to the anomalous dimension is determined by the dispersion 
relation e = (\/2n 2 ) sin 2 (p/2) + 0(A 2 ), where A = gy M N is the ’t Hooft 
coupling of the SYM. 

ft is possible to identify the dual of the su( 2) sector (JTJ) in the classi¬ 
cal string theory JTO| HI El HJ, although not without subtleties |T3|. The 
magnons correspond to transverse fluctuations of the point-like string orbit¬ 
ing around a big circle of S' 5 ca The dispersion relation for the string modes 
is e = a/ 1 + Ap 2 /47r 2 — 1. At weak coupling and at small momenta p 1 
the spin-chain and the string dispersion relations match. If we believe in 
the AdS/CFT correspondence, quantum corrections on the string side and 
higher-loop effects in the SYM should eliminate the difference completely 
and should produce a common exact dispersion relation, e.g. mm mi 

e =\j l + ^ sin2 \ - !> ( 2 ) 
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which reduces to the magnon energy at A C 1 and to the energy of a clas¬ 
sical string mode at p -C 1. There is a small subtlety here, however. The 
momentum of a magnon is confined to a single Brillouin zone : 0 < p < 2 ti 
which together with the momentum quantization makes the total number 
of states finite. After all, there is a finite number of operators © with L 
fixed 1 . On the contrary, the momentum of the classical string oscillations is 
unbounded. Of course, one can trust the semiclassical approximation only 
for sufficiently low world-sheet momenta 2 p • Cl. We currently do not know 
what happens when the string is quantized. The quantization can somehow 
hide states with the large momentum. 

Since the number of operators is finite, their scaling dimensions are bounded 
above and can vary in a finite interval 

L < A < A max . (3) 

As long as the su( 2) sector can be identified in the quantum string theory, 
the total number of states in it must be also finite and energies of the string 
states must satisfy the same bound. 

The aim of this note is to calculate A max in the thermodynamic limit of 
L —> oo. The state with the largest possible energy is the antiferromagnetic 
(AF) vacuum of the spin chain. The numbers of up and down spins in the 
AF vacuum are equal: J\ = J 2 = L/2. One motivation to study this state 
is that classical string solutions with the same quantum numbers have been 
recently constructed [221 El] • Another motivation comes from the study of 
the spin chain that describes one-loop anomalous dimensions in large-A QCD 
[251121)1127112K11221120] . The true ground state there is AF [2H1120] • There is 
much less control over higher-loop corrections in QCD, not to say over the 
dual string theory. It would be thus interesting to study the AF state in 
the SYM setting where loop corrections and the string dual are much better 
understood. 

The scaling dimensions of the operators (JTJ) are eigenvalues of the dilata- 

*An asymptotic upper bound on the number of operators is 2 L . One can make a better 
estimate with the help of the Polya theory mm- 

2 All explicit calculations on the string side have so far been done only for such low- 
momentum states and in fact have been insensitive to the difference between p 2 /4 and 
sin 2 (p/2) in the dispersion relation m (field-theory calculations, however, can be pushed 
beyond the leading order in p 2 [2HI221) i am grateful to S. Frolov for this remark. 
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At one loop this is the Hamiltonian of the Heisenberg spin chain |5], which 
is an integrable model. It is truly remarkable that the condition of integra- 
bility and the requirement of the BMN scaling imposed on the dispersion 
relation uniquely fix the dilatation operator up to 0(X L ) HI 8J- An alterna¬ 
tive algebraic derivation of mmm and explicit three-loop calculations of 
anomalous dimensions S3 Ell confirm the validity of these assumptions 3 . 

Integrability of the dilatation operator allows one to calculate its spectrum 
with the help of the Bethe ansatz. By extending the Bethe-ansatz solution of 
the Heisenberg model (nil ee] to higher orders of perturbation theory, Beisert, 
Dippel and Staudacher proposed the following all-loop Bethe equations {BJ 4 : 


(x (uj t 2 )^ _TT Ai A i 

\ x (uj - |) y 

where Uj (j = 1, , ./ 2 ) are rapidities of elementary excitations and 


x{u) 



The scaling dimension is given by 5 


( 6 ) 


A L lA V'' I 1 1 

+ 87f2 ~i ( u i + I) x ( U J - I) 

3 Strictly speaking, the BMN scaling has been tested only up to three loops. In the 
plane-wave matrix theory, which is described by a very similar Hamiltonian, the BMN 
scaling is violated at 0(A 4 ) GEJ However, the plane-wave matrix theory is not exactly 
integrable m, 

4 These equations can be systematically derived in perturbation theory by applying 
coordinate Bethe ansatz to 0 ESI- 

5 This is @ in the rapidity parametrization: e lp = x(u + i/2)/x(u — i/2). 
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The trace cyclicity of the SYM operators requires the wave function to be 
periodic. This imposes an extra condition 


TT x { u i + |) = , 

x - f) ’ 


( 8 ) 


which makes the total momentum an integer multiple of 2n. 

These equations are asymptotic in a certain sense 0 and compute the 
eigenvalues of © up to the 0(X L ) accuracy. The wrapping interactions 
0113, which start to contribute at this order of perturbation theory, may 
invalidate or modify the asymptotic Bethe ansatz. These corrections, how¬ 
ever, are exponentially small in the thermodynamic limit of L —> oo, at least 
if the’t Hooft coupling is not very large. 

The energy density in the anti-ferromagnetic vacuum can be calculated 
by standard techniques |JX], 3%] . Taking logarithm of both sides of © we get 


Lp(uj ) = 2tt kj + d>(wj — Uk), 


where 

,v 1, w + t + \A M + ~ ^ 

u ~ h + \/ i u ~ W ~ 

is the momentum of an elementary excitation and 

<£>(w) = tt — 2 arctan u 


(9) 


( 10 ) 


( 11 ) 


is the phaseshift due to pairwise scattering. It is assumed that the same 
branch of the logarithm is used for all momenta in (hod- Let us fix the 
conventions by requiring that p(u) and $(«) change from 2n at u —> —oo to 
0 at u —> Too. The arbitrariness in choosing the branch of the logarithm is 
then entirely encoded in the mode numbers kj. 

There is one excitation per mode number in the AF state. It then follows 
from © that kj can take L/2 values from 1 to L — M = L/2. Thus all 
available levels arc filled and, assuming that Uj monotonously decreases with 
j, we can set kj = j. After introducing the scaling variable £ = j/L and 
taking the thermodynamic limit L —> oo, the Bethe equation m can be 
written as 

p( u (0) = 2tt£ T [ dr/$(«(£) -u(rj)). (12) 
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Differentiating in u we get 
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(13) 


where 


p(n) = 


du 


(14) 


is the density of Bethe roots. 

The integral equation m can be solved by the Fourier transform: 


P(U) = L 2tt e 


+ “ * Jo 


2 cosh 


k ’ 


(15) 


where Jo is the Bessel function. Plugging this solution into the equation for 
the energy: 


A r 


= 1 + 


iX 

87T 2 


r»+C50 


du p(u ) 


x (u + |) x (u - |) 


we find: 
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This is the main result of this paper 
Expanding in A we get 


(16) 


(17) 


A, 


= 1 + 4 In 2 
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+ ... (18) 


The second term is the ground-state energy of the Heisenberg AF. The third 
term can be computed from © by first-order perturbation theory, since the 
two-site spin correlator in the Heisenberg model is known 


(af0| <t i ■ cr l+2 | Oaf) = 1 - 16 In 2 + 9C(3). 


Alternatively, the two-loop correction can be extracted from the exact solu¬ 
tion |43) of the Imozemtsev model j“PJ 6 . 

6 The three-loop dilatation operator can be also embedded into the Inozemtsev model, 
but the embedding is rather non-trivial jjj. 


5 



























Figure 1: The density of Bethe roots (2ttp/^/\) as a function of the scaling variable 
U = 2txu/'/\ at A = 7 (left pane); A = 30 (middle pane); and A = 2000 (right 
pane). 


Extrapolating ED to the strong coupling we find 


^max 

L 



(19) 


It is not clear how justified is this extrapolation. The string Bethe equations 
[HI 05j, which are supposed to describe the spectrum at strong coupling, 
contain a correction term that definitely contributes in the thermodynamic 
limit. The order of limits is also important here 7 . The derivation of ED 
assumes that the limit L —> oo is taken before A —> oo. The consistency 
of replacing © by (H2D and ED requires that the distance between nearby 
roots is small: A u ~ 1 /Lp(u) 1. Since p ~ 1 / x/A at large A, ifTTil) holds 
only for A -C L 2 . 

It is interesting to see how the density behaves at large A. It will then 
become clear that the \f\ L scaling of A max is the robust prediction, to a large 
degree independent of a particular form of Bethe equations. At one-loop, 


k A < ~ 2 cosh ■ku ’ 


( 20 ) 


which monotonously decreases with |m|. As A grows the density develops 
two peaks which become more and more pronounced (fig. © . The positions 
of the peaks approach u = ±a/A/27t at strong coupling and the density 
asymptotically approaches 


P{u) | 
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47T 2 
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( 21 ) 


47T 2 


— U* 


7 I would like to thank J. Minahan for the discussion of this point. 
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This is somewhat similar to the rapidity distribution in the conformal super¬ 
coset 0{2m + 2\2m ) sigma-model [32], where the peaks correspond to special 
low-energy modes coined non-movers in [32]. The distribution (EH), however, 
has a very simple form in the momentum representation. At strong coupling, 


x 





( 22 ) 


for I u 


< \f\/2n and 




(23) 


Changing the variables from u to p we find that m corresponds to the flat 
distribution of momenta in the whole Brillouin zone: 


P(.P) I A—>oo 


1 

An 


(24) 


In other words, the Bethe equations are solved by p n = Ann/L ; n — 1,..., L/2. 
This looks like ordinary momentum quantization, but the quantum of mo¬ 
mentum is twice as large as allowed by the periodic boundary conditions. 
This is because the scattering phase is also non-trivial: 


TT ^(cosf-cos^) +i w _ eWL/2 
n= i#(cos|-cos^f) -z 

and forces the momentum to be quantized in the units of An/L. 

One can in principle do the same calculation for the string Bethe ansatz 
of PS]. The result should not be much different, since the dispersion relation 
is the same eq. © 8 . At strong coupling it becomes 


£ « 


V\ . p 

— Sill -. 


2n 2 


As a result, the upper bound on the energy is proportional to y/X. The mo¬ 
mentum distribution is not very important for this conclusion. The concrete 
form of the distribution only determines the coefficient of proportionality. 

8 As a matter of fact, the string Bethe ansatz [Hi] postulates the same mechanism for 
the finiteness of the number of states: the dispersion relation is periodic in p , momentum 
is thus confined to one Brillouin zone. 
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It would be extremely interesting to check this prediction directly from the 
string theory in AdS 5 x S 5 . 

I am grateful to S. Frolov, J. Minahan, A.Tirziu and especially to A. Tseytlin 
for comments and discussions. I would like to thank A. Tirziu and A. Tseytlin 
for showing me their results prior to publication. The work of K.Z. was 
supported in part by the Swedish Research Council (VR) under contracts 
621-2002-3920 and 621-2004-3178, by the Goran Gustafsson Foundation, and 
by RFBR grant NSh-1999.2003.2 for the support of scientific schools. 

Note added: While this paper was being prepared for publication, 
appeared which also contains the calculation of the energy of the AF state. 
The authors of m in addition established an interesting relationship between 
the spin chain © and the Hubbard model. 


References 

[1] J. M. Maldacena, ’’The large N limit of superconformal held the¬ 
ories and supergravity”, Adv. Theor. Math. Phys. 2 (1998) 231, 
arXiv: hep-th/97112001. 

[2] S. S. Gubser, I. R. Klebanov and A. M. Polyakov, “Gauge theory cor¬ 
relators from non-critical string theory,” Phys. Lett. B 428 , 105 (1998) 
hep-th/9802109). 

[3] E. Witten, “Anti-de Sitter space and holography,” Adv. Theor. Math. 
Phys. 2 , 253 (1998) hep-th/9802150 . 

[4] N. Beisert, “The complete one-loop dilatation operator of J\f = 4 super 
Yang-Mills theory,” Nucl. Phys. B 676 , 3 (2004) arXiv:hep-th/0307015 . 

[5] J. A. Minahan and K. Zarembo, ’’The Bethe-ansatz for J\f = 4 super 
Yang-Mills,” JHEP 0303 , 013 (2003) arXiv:hep-th/0212208 . 

[6] N. Beisert, C. Kristjansen and M. Staudacher, ’’The dilatation operator 
of J\f = 4 super Yang-Mills theory,” Nucl. Phys. B 664 , 131 (2003) 
arXiv:hep-th/0303060|. 

[7] D. Serban and M. Staudacher, “Planar N = 4 gauge theory and 
the Inozemtsev long range spin chain,” JHEP 0406 (2004) 001 
arXiv:hep-th/0401057j. 

[8] N. Beisert, V. Dippel and M. Staudacher, “A novel long range spin 
chain and planar N = 4 super Yang-Mills,” JHEP 0407 , 075 (2004) 
arXiv:hep-th/040500ll. 




[9] D. Berenstein, J. M. Maldacena and H. Nastase, JHEP 0204 (2002) 013, 
|arXiv:hep-th/020202l]j. 

[10] S. Frolov and A. A. Tseytlin, “Multi-spin string solutions in AdS 5 x S' 5 ”, 
Nucl. Phys. B668 (2003) 77, jarXiv:hep-th/0304255|; “Rotating string 
solutions: AdS/CFT duality in non-supersymmetric sectors,” Phys. 
Lett. B 570, 96 (2003) |arXiv:hep-th/0306143|. 

[11] M. Kruczenski, “Spin chains and string theory,” Phys. Rev. Lett. 93 
(2004) 161602 |arXiv:hep-th/0311203|. 

[12] M. Kruczenski, A. V. Ryzhov and A. A. Tseytlin, “Large spin limit of 
AdS§ x S 5 string theory and low energy expansion of ferromagnetic spin 
chains,” Nucl. Phys. B 692, 3 (2004) [arXiv:hep-th/0403120]. 

[13] V. A. Kazakov, A. Marshakov, J. A. Minahan and K. Zarembo, “Clas¬ 
sical / quantum integrability in AdS/CFT,” JHEP 0405, 024 (2004) 
j arXiv:hep-th /0402207]. 

[14] J. A. Minahan, “The SU(2) sector in AdS/CFT,” Fortsch. Phys. 53 
(2005) 828 | arXiv:hep-th/05031431. 

[15] S. S. Gubser, 1. R. Klebanov and A. M. Polyakov, “A semi-classical 
limit of the gauge/string correspondence”, Nucl. Phys. B636 (2002) 99, 
j arXiv:hep-th/0204051]. 

[16] G. Arutyunov, S. Frolov and M. Staudacher, “Bethe ansatz for quantum 
strings,” JHEP 0410 (2004) 016 jarXiv:hep-th/0406256|. 

[17] N. Beisert, “The su(2|2) dynamic S-matrix,” arXiv:hep-th/0511082. 

[18] B. Sundborg, “The Hagedorn transition, deconfinement and N = 4 SYM 
theory,” Nucl. Phys. B 573 (2000) 349 arXiv:hep-th/9908001 . 

[19] O. Aharony, J. Marsano, S. Minwalla, K. Papadodimas and M. Van 
Raamsdonk, “The Hagedorn / deconfinement phase transition in weakly 
coupled large N gauge theories,” Adv. Theor. Math. Phys. 8 (2004) 603 
j arXiv:hep-th/03102851. 

[20] G. Arutyunov and S. Frolov, “Uniform light-cone gauge for strings in 
AdS 5 x S’ 5 : Solving su(l|l) sector,” arXiv:hep-th/0510208. 

[21] J. A. Minahan, A. Tirziu and A. A. Tseytlin, “1 / J 2 corrections to 
BMN energies from the quantum long range Landau-Lifshitz model,” 
arXiv:hep-th/0510080. 

[22] N. Gromov and V. Kazakov, “Double scaling and finite size corrections 
in sl(2) spin chain,” arXiv:hep-th/0510194 


9 






[23] I. Y. Park, A. Tirziu and A. A. Tseytlin, “Semiclassical circular strings 
in AdS 5 and dong’ gauge field strength operators,” Phys. Rev. D 71 
(2005) 126008 jarXiv:hep-th/0505130|. 

[24] A. Tirziu and A. A. Tseytlin, in progress. 

[25] A. P. Bukhvostov, G. V. Frolov, L. N. Lipatov and E. A. Kuraev, “Evo¬ 
lution Equations For Quasi - Partonic Operators,” Nucl. Phys. B 258 
(1985) 601. 

[26] V. M. Braun, S. E. Derkachov and A. N. Manashov, “Integrability of 
three-particle evolution equations in QCD,” Phys. Rev. Lett. 81 (1998) 
2020 arXiv:liep-ph/9805225 . 

[27] A. V. Belitsky, “Renormalization of twist-three operators and integrable 
lattice models,” Nucl. Phys. B 574 (2000) 407 arXiv:hep-ph/9907420 . 

[28] G. Ferretti, R. Heise and K. Zarembo, “New integrable structures in 
large-N QCD,” Phys. Rev. D 70 (2004) 074024 arXiv:hep-th/0404187 . 

[29] A. V. Belitsky, V. M. Braun, A. S. Gorsky and G. P. Korchemsky, 
“Integrability in QCD and beyond,” Int. J. Mod. Phys. A 19 (2004) 
4715 arXiv:hep-th/0407232 . 

[30] N. Beisert, G. Ferretti, R. Heise and K. Zarembo, “One-loop QCD 
spin chain and its spectrum,” Nucl. Phys. B 717 (2005) 137 
arXiv:hep-th /04120291. 

[31] N. Beisert, “The sm( 2|3) dynamic spin chain”, Nucl. Phys. B 682 (2004) 
487, hep-th/0310252 

[32] B. I. Zwiebel, “N = 4 SYM to two loops: Compact expres¬ 
sions for the non-compact symmetry algebra of the su(l,l|2) sector,” 
arXiv:hep-th/0511109, 

[33] A. V. Kotikov, L. N. Lipatov, A. I. Onishchenko and V. N. Velizhanin, 
“Three-loop universal anomalous dimension of the Wilson operators 
in N = 4 SUSY Yang-Mills model,” Phys. Lett. B 595, 521 (2004) 
arXiv: hep-th/04040921. 

[34] B. Eden, C. Jarczak and E. Sokatchev, “A three-loop test of the di¬ 
latation operator in N = 4 SYM,” Nucl. Phys. B 712 (2005) 157 
arXiv: hep-th /04090091. 

[35] T. Fischbacher, T. Klose and J. Plefka, “Planar plane-wave matrix the¬ 
ory at the four loop order: Integrability without BMN scaling,” JHEP 
0502 (2005) 039 |arXiv:hep-th/0412331 . 


10 




[36] N. Beisert and T. Klose, “Long-range gl(n) integrable spin chains and 
plane-wave matrix theory,” arXiv:hep-th/0510124, 

[37] H. Bethe, “On The Theory Of Metals. 1. Eigenvalues And Eigenfunc¬ 
tions For The Linear Atomic Chain,” Z. Phys. 71, 205 (1931). 

[38] L. D. Faddeev, How Algebraic Bethe Ansatz works for integrable model , 
in Quantum Symmetries , Proceedings of the Les Houches Summer 
School, Session LXIV, Les Houches, 1 August - 8 September 1995, eds: 
A. Connes, K. Gawedzki and J. Zinn-Justin, hep-th/9605187 

[39] M. Staudacher, “The factorized S-matrix of CFT/AdS,” JHEP 0505, 
054 (2005) |arXiv:hep-th/0412188|. 

[40] N. Beisert, “Higher-loop integrability in N = 4 gauge theory,” Comptes 
Rendus Physique 5 (2004) 1039 |arXiv:hep-th/0409147jj. 

[41] L. Hulthen, “Uber das Austauschproblem eines Kristalles,” 
Ark. f. Mat. Astr. o. Fys. 26A:11 (1938) 1. 

[42] M. Takahashi, “Half-filled Hubbard model at low temperature,” J. Phys. 
CIO (1977) 1289. 

[43] J. Dittrich and V.I. Inozemtsev, “On the second-neighbor cor¬ 
relator in ID XXX quantum antiferromagnetic spin chain,” 
arXiv:cond-mat/9706263 

[44] V. I. Inozemtsev, “Integrable Heisenberg-van Vleck chains with variable 
range exchange,” Phys. Part. Nucl. 34 (2003) 166 [Fiz. Elcm. Chast. 
Atom. Yadra 34 (2003) 332] arXiv:hep-th/0201001 . 

[45] N. Beisert and M. Staudacher, “Long-range PSU(2,2|4) Bethe ansaetze 

for gauge theory and strings,” Nucl. Phys. B 727, 1 (2005) 

arXiv:hep-th /05041901. 

[46] N. Mann and J. Polchinski, “Bethe ansatz for a quantum supercoset 
sigma model,” Phys. Rev. D 72 (2005) 086002 |arXiv:hep-th/0508232]. 

[47] A. Rej, D. Serban and M. Staudacher, “Planar N=4 Gauge Theory and 
the Hubbard Model,” arXiv:hep-th/0512077 


11 





